Abstract. We show that a singular Riemannian foliation of codimension 2 on a compact simply-connected Riemannian (n + 2)-manifold, with regular leaves homeomorphic to the n-torus, is given by a smooth effective n-torus action.
Main results
When studying a Riemannian manifold M , an approach to understand its geometry or its topology is to simplify the problem by "reducing" M to a lower dimensional space B. This can be achieved by considering a partition of the original manifold M into submanifolds which are, roughly speaking, compatible with the Riemannian structure of M . This "reduction" approach is encompassed in the concept of singular Riemannian foliations.
This reduction approach has been applied to the long-standing open problem in Riemannian geometry of classifying and constructing Riemannian manifolds of positive or nonnegative (sectional) curvature via the Grove symmetry program, when the foliation is given by an effective isometric action by a compact Lie group. When the leaves of a singular Riemannian foliation are given by the orbits of a smooth Lie group action we say that the foliation is a homogeneous foliation. By [13] and [42] it is clear that the concept of a singular Riemannian foliation is more general than the one of a Lie group action.
Since any compact connected Lie group contains a maximal torus as a Lie subgroup, the study of torus actions is of importance in the study of homogeneous foliations. The classification up to equivariant diffeomorphism of smooth, closed, simply-connected, manifolds with torus actions is a well studied problem when either the dimension of the manifolds or the cohomogeneity of the action is low (see for example [40] , [28] , [14] , [39] , [38] ).
One main difference between smooth group actions and foliations is that foliations may be less rigid (see for example [19] ), not having several constraints natural to Lie groups. This in turn raises technical challenges, such as the fact that the leaves may carry non-standard smooth structures. Thus an important problem in the setting of singular Riemannian foliations is to distinguish homogeneous foliations from non-homogeneous ones (see for example [19] ). This problem does not become more tractable when the topology (and geometry) of the manifold is simple. Even in the case of spheres, equipped with the round metric, it is not clear how to distinguish homogeneous foliations (i.e. those coming from group actions) from nonhomogeneous ones (see for example [47] ).
By focusing on compact, simply-connected manifolds with a singular Riemannian foliations with closed aspherical leaves, we are able to attack this general problem. This type of singular Riemannian foliations are denoted as A-foliations and they were introduced by Galaz-García and Radeschi in [17] as generalizations of smooth effective torus actions on smooth manifolds.
The main result of the present work is that A-foliations of codimension 2 on compact, simply-connected manifolds are homogeneous up to foliated diffeomorphism.
Theorem A. Every A-foliation of codimension 2 on a compact, simplyconnected, Riemannian n-manifold, with n 3, is homogeneous.
In the codimension one case, the same result holds. Namely, Galaz-García and Radeschi in [17] give a classification up to foliated diffeomorphism of all compact, simply-connected manifolds with a codimension one A-foliations. They show that these foliations are homogeneous.
To prove Theorem A we extend results of the theory of transformation groups to the setting of singular Riemannian foliations. We will focus on the general problem of comparing two different manifolds, each one endowed with a singular Riemannian foliation, via the leaf space, which is the topological space obtained as a quotient of the foliated manifold by the equivalence relation given by the foliation. A technique for classifying compact manifolds up to homeomorphism, admitting a smooth effective compact Lie group action, is to compare their orbit spaces (see for example [40] , [28] , [14] , [39] ). We apply the same idea to smooth manifolds admitting a singular Riemannian foliation.
Let (M 1 , F 1 ) and (M 2 , F 2 ) be two compact manifolds admitting singular Riemannian foliations (not necessarily A-foliations). In order to be able to compare them by comparing their leaf spaces M * 1 and M * 2 , the existence of cross-sections σ i : M * i → M i for the quotient map π i : M i → M * i , (i.e. π i • σ i = Id M * ) is extremely useful. We show the existence of such crosssections for A-foliations of codimension 2.
In the context of Theorem A, we consider the case when the leaf space is a disk, and all singular strata are contained in the boundary.
We then study the homeomorphism type of the leaves of A-foliations on compact, simply-connected manifolds. We will prove, except in the case of 4-dimensional leaves, that they are all homeomorphic to tori or Bieberbach manifolds, extending results in [17] . This is due to the positive answer to the Borel conjecture for virtually abelian groups, except for dimension 4 (see for example [10] ).
We also study the infinitesimal foliations of an A-foliation, as well as the holonomy of the leaves, and propose a finer stratification of the manifold. Both of these concepts in the particular case of homogeneous foliations are encoded in the isotropy of an orbit. We define the weights of the foliation, which encode the information of the infinitesimal foliation and the holonomy. We remark that for a singular Riemannian foliation, such that all leaves are closed manifolds, the leaf space contains a smooth manifold as an open and dense subset. We show that the weights are well defined for a compact simply-connected manifold with an A-foliation, such that the manifold part of the leaf space is simply connected. The weights defined in the present work generalize the weights of smooth effective torus actions (defined in [40] , [14] , [39] ), which encode the isotropy information of torus actions. In the case when a cross-section exists, the weights characterize up to foliated homeomorphism the manifold. We say that two weighted leaf spaces are isomorphic, if there is a weight preserving homeomorphism.
When the projection maps admit a cross-section, the weighted orbit spaces determine up to foliated homeomorphism the foliated manifold. 
In the general setting of classifying manifolds with singular Riemannian foliations via cross-sections, the best one can obtain is a classification up to foliated homeomorphism. This is because the leaf spaces are, in general, only metric spaces (i.e. they may not even be topological manifolds).
In the case of A-foliations of codimension 2 on compact, simply-connected manifolds, the authors in [17] proved that the leaf space is homeomorphic to a 2-dimensional disk. For this case the boundary points of the leaf space correspond exactly to the singular leaves of F.
We will prove in Section 3.4 the existence of cross-sections for A-foliations of codimension 2 on compact simply-connected manifolds. It follows from Theorem B that compact, simply-connected manifolds with A-foliations of codimension 2 are characterized up to foliated homeomorphism by the weights of the foliations.
Oh shows in [39] that, given a smooth effective torus action of cohomogeneity 2 (i.e. a homogeneous foliation), on a compact simply-connected manifold, the leaf space is a weighted 2-disk, with the weights satisfying some conditions. Furthermore he proves that these conditions characterize the orbit spaces of such actions among all weighted 2-disks. Namely, given a weighted disk satisfying the conditions, he gives a procedure to construct a closed simply-connected smooth manifold with an effective smooth torus action of cohomogeneity two realizing the weighted disk as an orbit space. Oh called such weighted 2-disks legally weighted.
We will show that the weights of an A-foliation of codimension two on a compact, simply-connected manifold M are legal weights in the sense of Oh. Thus there is a torus action on M with the same weights as the foliation. By Theorem B we conclude that an A-foliation of codimension two on a compact, simply-connected manifold is, up to foliated homeomorphism, a homogeneous foliation.
As mentioned before, in the problem of classifying manifolds with singular Riemannian foliations via cross-sections, in general the best one can obtain is a classification up to foliated homeomorphism. In the case of A-foliations of codimension two on compact, simply-connected spaces, however, the leaf space is a 2-disk (see [17] ), and thus it is a smooth manifold with boundary in a unique way (it admits a unique smooth structure). Thus we can expect in this case to get a classification up to foliated diffeomorphism.
The next obstacle to obtaining a smooth classification, and obtaining Theorem A, is the existence of exotic smooth structures on tori (see, for example [26] , [27] ). There exist, in fact, regular A-foliations of codimension 4 on compact manifolds with finite fundamental group and leaves diffeomorphic to tori [9] . To finish the proof of Theorem A, we study the diffeomorphism type of the leaves of an A-foliation of codimension two on a compact simply-connected smooth manifold, and prove that they are diffeomorphic to standard tori.
Our article is organized as follows. In Section 2, we give an overview of the theory of Lie group actions and singular Riemannian foliations. In Section 3 we define the weights of an A-foliation and prove Theorem B. Finally in Section 4 we study the diffeomorphism type of the leaves of an A-foliation of codimension 2 on a simply-connected manifold, and finish the proof of Theorem A.
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Preliminaries

Group actions. Let
be a smooth action of a compact Lie group G on a smooth manifold M . The isotropy group at p is defined as G p = {g ∈ G | g p = p}. We say that the orbit G(p) is principal if the isotropy group G p acts trivially on the normal space to the orbit at p. It is a well known fact that the set of principal orbits is open and dense in M . Since the isotropy groups of principal orbits are conjugate in G, and since the orbit G(p) is diffeomorphic to G/G p , all principal orbits have the same dimension. If G(p) has the same dimension as a principal orbit but the isotropy group acts non-trivially on the normal space to the orbit at p we say that the orbit is exceptional. If the dimension of the orbit G(p) is less than the dimension of a principal orbit, we say that the orbit is singular. We denote the set of exceptional orbits by E and the set of singular orbits by Q. We denote the orbit space M/G by M * and we define the cohomogeneity of the action to be the dimension of the orbit space M * (or, equivalently, the codimension in M of a principal orbit). Let π : M → M * be the orbit projection map onto the orbit space. We denote by X * the image of a subset X of M under the orbit projection map π. The action is called effective if the intersection of all isotropy subgroups of the action is trivial, i.e if ∩ p∈M G p = {e}. We say that a Riemannian metric is invariant under the action if the group acts by isometries with respect to this metric. For every effective smooth action of a compact Lie group G on 
Effective torus actions.
From now on we denote the n-torus with a Lie group structure by T n in order to distinguish it from its underlying topological space T n . By identifying the torus group T n with R n /Z n we note that a circle subgroup of T n is determined by a line given by a vector a = (a 1 , . . . , a n ) ∈ Z n , with a 1 , . . . , a n relatively prime, via G(a) = {(e 2πita 1 , . . . , e 2πitan ) | 0 t 1} (for a more detailed discussion see [39] ).
Recall that a smooth, effective action of a torus on a smooth manifold always has trivial principal isotropy. Therefore, a smooth, effective action of an n-torus on a smooth (n + 2)-manifold has cohomogeneity two. Let M be a closed, simply-connected, smooth (n + 2)-manifold, n 2, on which a compact Lie group G acts smoothly and effectively with cohomogeneity two. It is well known that, if the set Q of singular orbits is not empty, then the orbit space M * is homeomorphic to a 2-disk D * whose boundary is Q * (see [6, Chapter IV] ). Moreover, the interior points correspond to principal orbits (i.e. the action has no exceptional orbits). The orbit space structure was analyzed in [28, 39] when G = T n for n 2 (see also [16] ). In this case the only possible non-trivial isotropy groups are circle subgroups G(a i ) and a product of circle subgroups G(a i ) × G(a i+1 ), i.e. a 2-torus in T n . Furthermore, the boundary circle Q * is a finite union of m n edges Γ i that have as interior points orbits with isotropy G(a i ). The vertex F i between the edges Γ i and Γ i+1 corresponds to an orbit with T 2 isotropy group G(a i ) × G(a i+1 ) (where we take indices mod m). This structure is illustrated in Figure 2 .1 (cf. [16, Figure 1] ).
The vectors {a 1 , . . . , a m } of the isotropy invariants G(a i ) are called the weights of the orbit space. The weight a i associated to a singular orbit is given by the following principal bundle (see [1, Proposition 3.41] ):
The weight a i determines the embedding of the isotropy subgroup G(a i ) into T n . Following Oh [38] , we say that the the orbit space M * is legally weighted, if we can find a sub-collection of n weights {a i 1 , a i 2 , . . . , a in such that the matrix
has determinant ±1. By [39] any effective smooth T n -action on a simplyconnected (n + 2)-manifold has legal weights. Conversely, given a disk N * equipped with legally weighted orbit data, there is a closed, simplyconnected smooth (n + 2)-manifold N with an effective action of a torus T n such that N * is the orbit space of N (see [39, Section 4] 
complete, immersed submanifolds L p , called leaves, which may not be of the same dimension, such that the following conditions hold:
(i) Every geodesic meeting one leaf perpendicularly, stays perpendicular to all the leaves it meets. (ii) For each point p ∈ M there exist local smooth vector fields spanning the tangent space of the leaves. If (M, F) satisfies the first condition, then we say that (M, F) is a transnormal system. If it satisfies the second one, we say that (M, F) is a singular foliation. When the dimension of the leaves is constant, we say that the foliation is a regular Riemannian foliation or just a Riemannian foliation. We refer the reader to [2] for a more in depth discussion of singular Riemannian foliations.
A natural class of examples of singular Riemannian foliations is given by effective actions of groups by isometries. If we only have a compact Lie group G acting smoothly on M , the existence of an invariant Riemannian metric, guarantees that we may consider G acting by isometries (see [1, Theorem 3 .65]). A singular Riemannian foliation that arises from a group action is called a homogenous foliation. We say that a singular Riemannian foliation is closed if all the leaves are closed. The dimension of a foliation F, denoted by dim F, is the maximal dimension of the leaves of F. We call the foliation trivial when dim F = 0 or dim F = dim M . In the first case the leaves are collections of points, and in the second case there is only one leaf, the total manifold. The codimension of a foliation is,
The leaves of maximal dimension are called regular leaves and the remaining leaves are called singular leaves. Since F gives a partition of M , for each point p ∈ M there is a unique leaf, which we denote by L p , that contains p. We say that L p is the leaf through p. The quotient space M/F obtained from the partition of M , is the leaf space and the quotient map π : M → M/F is the leaf projection map. The topology of M yields a topology on M/F, namely the quotient topology. With respect to this topology the quotient map is continuous. We denote the leaf space M/F from this point onward by M * as in the homogeneous case. We denote by S * the image π(S) of a subset S ⊂ M under the leaf projection map.
A singular Riemannian foliation (M, F) induces a stratification on M . For k dim F we define the k-dimensional stratum as: 
Infinitesimal foliation.
We start by fixing a point p ∈ M , and consider the normal tangent space ν p L p to the leaf L p ⊂ M . Next we consider ε > 0 small enough and set
we consider the intersection of the leaves of F with S p . This induces a foliation F| Sp on S p by setting the leaves of F| Sp to be the connected component of the intersection between the leaves of F and S p . This foliation may not be a singular Riemannian foliation with respect to the induced metric of M on S p , i.e the leaves of F| Sp may not be equidistant with respect to the induced metric. Nevertheless, by [35, Proposition 6.5] , the pull-back foliation
.2] the infinitesimal foliation is invariant under homotheties that fix the origin. Furthermore the origin {0} ⊂ ν ε p L p is a leaf of the infinitesimal foliation. Since the leaves of F p stay at a constant distance from each other, the fact that the origin is a leaf implies that any leaf of F p is at a constant distance from the origin, and thus it is contained in a round sphere centered at the origin. From this last fact it follows that we may consider the infinitesimal foliation restricted to the unit normal sphere of ν p L p , which we denote by S ⊥ p , yielding a foliated round sphere (S ⊥ p , F p ) with respect to the standard round metric of S ⊥ p which is also called the infinitesimal foliation.
From here on when we say "infinitesimal foliation" we refer to (
is invariant under homothetic transformations and thus it can be recovered from (S ⊥ p , F p ). For the particular case of a homogeneous singular Riemannian foliation by an action of a compact Lie group G, the infinitesimal foliation at a point p is given by taking the connected components of the orbits of the action of the isotropy group G p on S ⊥ p via the isotropy representation. Therefore, denoting by G 0 p the connected component of G p containing the identity element, the infinitesimal foliation is given by considering only the action of G 0 p on S ⊥ p given by the isotropy representation. 
is a linear isometry preserving the leaves of ν L . (iii) For every s ∈ R, the map exp γ(t) (sG(t, v)) belongs to the same leaf as
exp p (sv).
Thus, if we have a loop γ at p, from Theorem 2.3 we have a foliated linear isometry G : {1} × ν p L → ν p L, which we will denote by G γ . We denote by O(S ⊥ p , F p ) the group of foliated isometries of the infinitesimal foliation, i.e. all the isometries which preserve the foliation. We note that such an isometry may map a leaf to a different leaf. By O(F p ) we denote the foliated isometries which leave the foliation invariant, i.e. the isometries
We now show that if two loops, γ 1 and γ 2 , are homotopic, then [4] 
There is a well defined group morphism,
Proof. Given a loop γ 0 , we consider the linear foliated transformation,
given by Theorem 2.3, and set
From Proposition 2.4, if γ 1 is a loop homotopic to γ 0 , then we have (
When we consider the holonomy of a leaf L p trough a point p ∈ M , we will denote it by Γ p . A regular leaf L is called a principal leaf if the holonomy group is trivial, and exceptional otherwise.
Given a fixed point p ∈ M and a vector v ∈ S ⊥ p , set q = exp p (εv). If ε is small enough, then L q is contained a tubular neighborhood of L p , and thus there is a well defined smooth closest-point projection proj : L q → L p which is, by [35, Lemma 6 .1], a submersion. The connected component of the fiber of the map proj through q can be identified with the leaf
Clearly fibration (2.2) is a surjective map by construction. The following proposition gives another way of obtaining the covering L of L, via a subgroup H of the holonomy group Γ p .
Proof. Let F = proj −1 (p) be the fiber of the metric projection proj : L q → L p , which may consist of several connected components. The end of the long exact sequence of the fibration looks like
From exactness, we conclude that (proj * )(π 1 (L q , q)) = Ker(∂). We recall how the map ∂ : If the map ξ : L q → L p is proper then, it follows from Ehresmann's fibration Lemma in [7] that ξ is a locally trivial fibration. In the particular case when L q is compact, then the map ξ is proper. Thus for foliations with closed leaves the fibration (2.2) is a fiber bundle. Remark 2.7. We note that from Ehresmann's lemma the fiber bundle given by the projection map ξ, may not have as structure group a Lie group, but rather a very large topological group, namely the diffeomorphism group of the fiber, Diff(L v ). Although Diff(L v ) is in general not a Lie group, it is a Frobenious group, i.e. the group operations are smooth with respect to a Frobenious atlas (see [22] ).
If the foliation F is given by the action of a compact Lie group G, then the holonomy of an orbit G(p) is given by G p /G 0 p (see [33, Section 3.1] ). For q ∈ M close to p with G q a subgroup of G p , the fiber bundles given by (2.2) are of the form: [50] , [8] ) it follows that the set M * prin is connected in M * . Since it is locally euclidean, it is path connected.
We collect these observations in the following proposition. 
t) = H(t, s). We define a homotopy H
: L 0 × I → L by setting H(x, s) = γ x s (1).
A-foliations
Foliations by tori on compact Riemannian manifolds were introduced in [17] as generalizations of smooth effective torus actions. Namely an Afoliation is a foliation where all the leaves are closed, and aspherical, i.e. for n > 1 the n-th homotopy group of the leaves is trivial. By [17, Corollary B] the principal leaves of an A-foliation on a compact, simply-connected, Riemannian manifold are homeomorphic to tori.
Homeomorphism type of the leaves in an A-foliation.
We recall that for two points p, q ∈ M , with q sufficiently close to p with respect to the metric of (M, F), if L q is a principal leaf and L p is any leaf in M , then there is a fibration: Proof. Since M is aspherical, we have from [17, Theorem 3.7] that F and N are also aspherical. From the long exact sequence of the fibration we get:
Since π 1 (M ) is an abelian, torsion-free, finitely-generated group, and π 1 (F ) is a subgroup of π 1 (M ), then π 1 (F ) is an abelian, torsion free, finitely generated group. Thus, by classification of finitely generated abelian groups and the Borel conjecture, F is homeomorphic to a torus. Now assume that π 1 (N ) has torsion. Then for some k ∈ Z, the cyclic group Z k acts freely on the contractible manifold N . Therefore it follows that N /Z k is an EilenbergMacLane space K(Z k , 1). This contradicts the fact that K(Z k , 1) has infinite cohomological dimension. Thus π 1 (N ) is an abelian, torsion-free, finitely generated group. Again by the classification of finitely generated abelian groups and the Borel conjecture, N is homeomorphic to a torus.
Corollary 3.2. In an A-foliation all leaves with trivial holonomy are homeomorphic to tori.
In the case when the leaf L p has non-trivial holonomy we get the following proposition:
Proposition 3.3. The leaves (of dim = 4) with non-trivial holonomy of an A-foliation are homeomorphic to Bieberbach manifolds.
Proof. In the case when the leaf L p has non-trivial holonomy, applying Proposition 3.1 to fibration (2.2) we have that the covering L p is homeomorphic to a torus. Thus, applying the long exact sequence of homotopy groups to the fibration L p → L p with finite fiber F , we get,
is not torsion-free, and recall that since L p is a torus, we haveL p = R n . Then there exists a finite cyclic subgroup Z k acting on the contractible manifoldL p = R n . As in the proof of Proposition 3.1 this contradicts the fact that the Eilenberg-MacLane space K(Z k , 1) has infinite cohomological dimension. Since π 1 (L p ) is Z n and F is finite, we have that π 1 (L p ) = G is a crystallographic group (see [10, Section 6] , [5] , [51] 
2 (see for example [27] ) . As a concrete example of this exotic phenomena, we may consider an exotic sphere Σ k and the standard torus:
The manifold T k #Σ k is homeomorphic to T k but not diffeomorphic to T k (see [11, Remark p. 18] and [12, Theorem 3] ).
Weights of an A-foliation.
In this section we extend the notion of weights given for an homogeneous A-foliations (see [40] , [39] , [14] ) to an Afoliation (M, F) on a compact, simply-connected Riemannian manifold M , with the hypothesis that the principal stratum Σ * prin is simply connected. We start by fixing a principal leaf L 0 . We consider any arbitrary point p ∈ M and fix it. Next we take v ∈ S ⊥ p , such that q = exp p (v) is contained in a principal leaf. From the fact that the regular stratum Σ * prin is open and dense in M * , there exists a path γ : I → Σ * prin connecting q * and L * 0 . Since Σ prin → Σ * prin is a Riemannian submersion, we consider the horizontal lift γ q of γ through q (see [21, Section 1.3] ). We set q 0 = γ q (1) ∈ L 0 . Recall from subsection 2.5 that, in this setting, for some cover
From [17, Corollary B] ) and Proposition 3.1, we have that
From the homotopy long exact sequences of the fibration we get a short exact sequence
The definition of the integers a p1 , . . . , a pk depends a priori on the choice of path γ joining L * 0 to L * q . The following lemma shows that in fact, they are independent of the choice of γ. The elements a p1 , . . . , a pk ∈ π 1 (L 0 , q 0 ) 
Lemma 3.6.
. From Corollary 2.9, this isomorphism is independent of the choice of β.
Let σ be a path in L w from q 1 to q 1 . This gives an isomorphism from
Let α be another path in L w from q 1 to q 1 . Consider the concatenation of paths σα −1 δασ −1 . The path ασ −1 is a loop based at q 1 .
Thus we have a conjugation [σα
Since we have an A-foliation, L w is homeomorphic to a torus. Thus π 1 (L v , q 1 ) is an abelian group. Therefore the path σα −1 δασ −1 is homotopic to σ, relative to the end points. Thus α −1 δα is homotopic to σ −1 δσ. Therefore the isomorphism from π 1 (L w , q 1 ) onto π 1 (L w , q 1 ), does not depend on the path σ. It follows that we have a well defined isomorphism from π 1 
. From this we see that the integer vectors a p1 , . . . , a pk do not depend on v.
From the proof of the previous lemma, by using the fact that the fundamental groups of L p and L 0 are abelian, it follows that the definition of the integer vectors a p1 , . . . , a pk does not depend on the choice of basepoint p in L p . We state this explicitly: We define the weights of the leaves of an A-foliation on a compact, simply-connected, manifold, with Σ * prin as follows. A principal leaf has no weight associated to it. To an exceptional leaf L p , we associate the collection {π 1 (L p ), H}. For a singular leaf L p without holonomy we associate {a p1 , . . . , a pk }. Finally, the weight of a singular leaf L p with holonomy H is the collection {a p1 , . . . , a pk ; π 1 (L p , p), H}. With this information we can recover the homeomorphism type of a leaf, as well as its leaf type. 
Proof. Given a weighted isomorphism φ * : M * 1 → M * 2 , between the leaf spaces we will define a foliated homeomorphism φ : F 2 ) . Fix x ∈ M 1 and for the cross-section
where Γ is a Bieberbach group and 0 k ≤ dim(F). The Dirichlet domain D ⊂ R k , of the action of Γ on R k , is a convex fundamental domain (see for example [44, Theorem 2] ). We may assume that a preimage of y corresponds to the center of the Dirichlet domain. Furthermore we may assume (via a translation) that in turn the center of the Dirichlet domain is the origin 0 ∈ R k . Then there is a unique vector v x ∈ R k connecting the origin to a preimage of x in the Dirichlet domain D.
We set φ(y) = σ 2 (φ * (y * )). Since φ * preserves the weights, then it preserves the leaf type, and thus we have that L φ(y) is homeomorphic to L y = R k /Γ. Last we set φ(x) as the point in the Dirichlet domain of φ(y) which corresponds to the vector v x . In the same fashion we can construct a continuous foliated inverse map. Thus we have that φ is a foliated homeomorphism.
3.4.
A-foliations of codimension 2. We show that we can apply Theorem B to any A-foliation (M, F) of codimension 2 on a compact simplyconnected Riemannian (n + 2)-manifold M . From [17, Theorem E] it follows that, if the foliation F is regular (i.e. the dimension of the leaves is constant), then M is S 3 and the foliation F is given by a Hopf weighted action. Thus in this case Theorem A holds. If the foliation F is non-regular, then from [17, Theorem E] the leaf space M * is a 2-disk. By [32, Proposition 1.7] there are no exceptional leaves in M reg , and thus M reg = M prin . Furthermore, from the fact that the restriction of the foliation to a stratum Σ (k) containing only leaves of dimension k is a regular foliation, [34, Theorem 2.15] , and the fact that M * = D 2 it follows that the singular leaves of F also have trivial holonomy. From [17, Theorem E] it follows that there are two types of leaves: a least singular leaf homeomorphic to T n−1 with infinitesimal foliation given by the homogeneous foliation (S 2 , S 1 ), and the most singular leaf, homeomorphic to T n−2 , with infinitesimal foliation given by the homogeneous foliation (S 3 , T 2 ). The singular leaves correspond to the boundary of M * . The boundary of M * consists of a union of arcs γ i , i ∈ {1, 2, . . . , r}. The points in the interior of these arcs correspond to leaves homeomorphic to T n−1 . The end points, F i , of these arcs correspond to leaves homeomorphic to T n−2 . (see figure 3.2) . We fix p i ∈ M , such that L * p i lies on the i-th edge, γ i , in ∂M * (i.e. L p i is a least singular leaf). This implies that L p i is homeomorphic to T n−1 . Take
is homeomorphic to T n . In this case the fiber bundle (2.2) takes the form:
Proposition 3.9. The fiber bundle (3.1) is a principal S 1 -bundle.
Proof. First we show that the bundle (3.1) is an orientable fiber bundle. We choose an arbitrary orientation for the fiber S 1 i in local charts, to obtain a vector field, tangent to the circles in the total space. Since the n-torus is orientable, we can extend this vector field to a basis, such that the transition maps have positive determinant in this basis.
Indeed if we choose on a local chart an orientation of the fiber S 1 i ⊂ T n , we can extend it to a basis of the tangent spaces of T n . Since T n is orientable we can do this construction in such a way that for two open trivial neighborhoods, the orientations of the fibers are positive.
From [36, Proposition 6.15] it follows that (3.1) is a principal S 1 -bundle.
With the orbit space description in hand, we can show the existence of a cross-section. We begin by proving the existence of local cross-sections for the leaf space. Proof. Consider C ⊂ X the union of all singular leaves. We have the orthogonal projection X → C. For each q ∈ X this projection gives rise to the principal circle bundle L q → L p described above, for some p ∈ C. This induces a continuous non-free circle action on X. The fixed point set of the action corresponds to C. Consider the orbit space of this action Z = X/S 1 . The A-foliation F on X induces an fibration by T n−1 over Z with base space X * ,π : Z → X * . Since X * is contractible, this fibration is trivial. I.e. Z is homeomorphic to X * × T n−1 , and the fibration by T n−1 on Z is the trivial one.
The cross-section σ : A * → X induces a cross-sectionσ : A * → Z for the fibrationπ : Z → X * . Since the fibrationπ : Z → X * is trivial, the cross-sectionσ can be extended to a cross-section on X * ,σ : X a st → Z. Furthermore since A * is also contractible, then the preimageÃ =π −1 (A * ) is homeomorphic to A * × T n−1 , and the T n−1 fibration is trivial.
Consider the preimage of the arc C * underπ,C =π −1 (C * ). The circle action on X \ C is free. Furthermore the cross-section σ : A * → X gives a cross-section σ :Ã → X for the quotient map π : X → Z. Recall that the inclusion i : A * \ C * → X * \ C * is a homotopy equivalence, and that Z \C is homeomorphic to (X * \ C * ) × T n−1 andÃ \C is homeomorphic to (A * \ C * ) × T n−1 . Then, the inclusion mapĩ :Ã \C → Z \C is a homotopy equivalence. This fact implies via the long exact sequence of the pair for (Z \C,Ã \C), that H 2 (Z \C,Ã \C; Z) = 0.
Thus, from obstruction theory (see [24, Chapter 4] ) the cross-section σ :Ã \ C → X extends to a cross-section σ : Z \C → X. Since C is the set of fixed points for the circle action on X, we get a cross-section σ : Z → X extending the given cross-section σ :Ã → X. Combining this cross-section withσ : X * → Z we get a cross-section σ : X * → X extending the given cross-section σ : A → X.
Remark 3.11. The previous lemma holds if A * is any connected component of the boundary of X * not contained in the arc C * .
In an analogous way as done for Lemma 1.8 in [40] , we have the following Lemma: Remark 3.13. We note that since for a singular A-foliation of codimension 2 on a simply-connected Riemannian foliation there is no holonomy, then the foliation on a tubular neighborhood of a leaf is given by the infinitesimal foliation. The geometric reason of why both Lemma 3.10 and Lemma 3.12 hold, is because the infinitesimal foliation of a singular leaf is one of the homogeneous foliations (S 2 , S 1 ) or (S 3 , T 2 ). Both of these foliations admit cross-sections. Thus we can construct cross-sections for tubular neighborhoods of leaves.
The next theorem shows how to construct a global cross-section, from the local ones, for a singular A-foliation of codimension 2 on a simply-connected manifold. Proof. Suppose the foliation F has dimension n. We split the leaf space as in Figure 3 .3, and label each piece. We assume we have r n leaves of homeomorphic to T n−2 . Observer that over the central piece Y 0 we have a fibration
From the observation that Y * 0 is homeomorphic to a disk, it follows that this fibration is trivial and thus there exists a cross-section σ : Y * 0 → Y 0 . We now extend this cross-section to the boundary pieces using Lemma 3.12.
We begin by extending the cross-section to Y 1 , and then proceed to extend following the labeling. Proof. As stated above, for any A-foliation of codimension 2 on a compact, simply-connected, smooth, Riemannian manifold M the leaf space is a disk, which is a 2-dimensional CW-complex, with all interior points corresponding to principal leaves. By Theorem 3.14, there exists a cross-section σ : M * → M . Then applying Theorem B we get the desired conclusion.
3.5.
Weights of an A-foliation of codimension 2. From the proof of Theorem A in [17] , we are able to determine the number r of different bundles of the form
for an A-foliation of codimension 2 on a compact, simply-connected manifold, coming from (2.2). 
By taking H to be the image of π 2 (B, b 0 ) under the group morphism
, we obtain the following short exact sequence:
Using the fact that for an A-foliation of codimension 2 on a compact, simplyconnected manifold, the leaf space is a 2-disk, we conclude that H = 0. Consider the fibers of the fibrations given by the codimension 3 leaves. I.e. we consider the fibers of the fibrations of the from (3.2). Observe that by hypothesis, there are r of these fibrations. We consider their homotopy class in L 0 and denote by K the subgroup they generate in π 1 (L 0 , p 0 ). It follows from the proof of in [17, Theorem A] that π 1 (L 0 , p 0 ) is generated by K and H. Furthermore K splits as an abelian group and a finite 2 step nilpotent 2-group. Since by [17, Theorem B] the leaf L 0 is homeomorphic to a torus, we conclude that the finite 2 step nilpotent 2-group is trivial. Thus from this discussion it follows that there are at least n fibrations of the form (3.2).
Recalling [39, Lemma 1.4] , since the fibers of the fibrations of the form (3.2) generate a the fundamental group of a principal leaf, we deduce the following property of the weights (a i1 , . . . , a in ) ∈ Z n , associated to the least singular leaves. Proof. By Lemma 3.17, for an A-foliation of codimension 2 on a closed, simply-connected (n + 2)-manifold M , the weights (a i1 , . . . , a in ) are legal weights in the sense of Oh (see [39] ). Thus by Theorem 2.1 there is a closed, simply-connected, (n + 2)-manifold N together with a T n -action realizing the weights. By Theorem 3.15, the manifolds M and N are foliated homeomorphic.
4. Smooth structure of the leaves of an A-foliation of codimension 2
In order to be able to prove Theorem A we need to study the smooth structure of the leaves of an A-foliation (M, F) of codimension 2, on a compact, simply-connected Riemannian (n + 2)-manifold M . We will also show that we can find a smooth cross-section σ : M * → M for the quotient map. With these two remarks we are able to strengthen the conclusion in Theorem 3.18 from foliated homeomorphism to foliated diffeomorphism. 4.1. Smooth structure of leaves. Recall that for an A-foliation (M, F) of codimension 2 on a simply-connected (n + 2)-manifold, the least singular leaves are singular leaves of codimension 3 in M , homeomorphic to an (n−1)-torus. The most singular leaves of (M, F) are singular leaves of codimension 4 in M , homeomorphic to an (n − 2)-torus.
We also recall, that when we fix a principal leaf L 0 , if we denote a singular leaf by L i , we have a smooth fiber bundle: 
Proof. We recall that the fiber bundle (4.1) arises via the intersection of the foliation F with the normal space of the leaf L 1 . In the particular case for a homogeneous foliation (N, T n ), the principal circle bundles (4.1) are given by circle subgroups of the principal leaf T n . This implies in the homogeneous case, that each of these bundles are trivial, and thus admit a cross-section.
It follows from Theorem 3.18 that the given A-foliation (M, F) is foliated homeomorphic to a homogeneous foliation (N, T n ), via a homeomorphism φ. In particular, a tubular neighborhood of a singular leaf L 1 of (M, F) is foliated homeomorphic to a tubular neighborhood of a singular orbit in N , via φ. This implies that the foliated homeomorphism induces an fiber bundle isomorphism between the bundles L i → L 0 → L i and the bundles T 1 → T n → T n /T 1 . Thus, for each fiber bundle (4.1) the homeomorphism φ makes the following diagram commute:
From this, it follows that the cross-section for the bundle T n → T n−1 gives rise to a cross-section for the bundle L 0 → L i . This implies that the bundles (4.1) are trivial for each i. In particular, from this it turns out that φ : L 0 → T n is equivariant with respect to each action µ i . Observe that for the homogeneous case, the circle actions on the principal leaf T n commute. Then from the fact that φ is equivariant, it follows that the actions µ i commute.
From the previous lemma, plus the fact that the actions are smooth, we obtain the following corollary. Proof. We show that there exists a free smooth T n -action on the principal leaf L 0 of the foliation. Thus for n ≥ 2, the principal leaf of an A-foliation (M, F) of codimension 2 on a compact, simply-connected (n + 2)-manifold is diffeomorphic to the standard torus T n .
From the homogeneous case we know that there exists a set of indices {i 1 , i 2 , . . . , i n } such that circle subgroups, given by the fibrations (4.1) defined by the indexes i generate the principal torus T n . Using the foliated homeomorphism φ given by Theorem 3.18, and Lemma 4.1, we know we define the T n -action µ : T n × L 0 → L 0 on the principal leaf L 0 as µ ((ξ 1 , . . . , ξ n ), p) = µ i 1 (ξ 1 , µ i 2 (ξ 2 , · · · , µ in (ξ n (p)) · · · )).
Since the actions µ i j commute µ gives a continuous action of the standard n-torus, T n , on the principal leaf T n . Furthermore, the action µ is free and smooth since each of the transformations µ i j are free and smooth. Remark 4.3. We note that we have exactly r of these bundles. One for each edge in ∂M * . The index i on the fiber is added to be able to distinguish the edge we are referring to.
Remark 4.4 (Dimension 6)
. Consider an A foliation (M, F) of codimension 2 on a simply-connected n-manifold, with n ≤ 5. Let L 0 be a fixed principal leaf. Recall that the leaf L 0 is homeomorphic to an (n − 2)-dimensional torus. Since in this case all leaves have dimension less than 3, then the smooth structure is unique. So we get the conclusions of Theorem A.
Remark 4.5. For the case when M is of dimension 6, we recall that, from a tubular neighborhood of a most singular leaf L p we have a smooth 2-torus bundle over L p with total space L 0 . In this case L 0 is homeomorphic to a 4-torus. These bundles were classified in [45] , and Ue showed in [49] that they admit a geometric structure in the sense of Thurston (c.f. [46] ). From the explicit list given in [20] , we see the total space L 0 admits an Euclidean geometry. This implies that the leaf L 0 admits a flat Riemannian metric (possibly different from the one given by M ). It follows from Theorem 3 in [12] that L 0 is diffeomorphic to the standard 4-torus. The other leaves have dimension less or equal to 3, and thus a unique smooth structure. With these observations we have an alternative proof of Theorem A. Now we prove that also the singular leaves of an A-foliation of codimension 2 on a compact, simply-connected manifold are diffeomorphic to standard tori. Proof. For the least singular leaf L p i the claim follows from the fact that the fiber bundle (3.1) is an S 1 i -principal bundle, combined with the fact that the total space is the standard torus T n . Thus the least singular leaf L p i is diffeomorphic to T n /S 1 i = T n−1 , i.e. the standard (n − 1)-dimensional torus.
We recall that, if x i is a point in (M, F), so that L * x i is a vertex in M * , then L x i is a most singular leaf of F, and it is homeomorphic to T n−1 . Furthermore we can choose p i close enough to x i in M , such that L p i is a least singular leaf. We point out that the leaf L p i has trivial holonomy. Thus for the leaves L p i and L x i fibration (2.2) is a fiber bundle of the form:
By the same arguments given for the proof of Proposition 3.9 we can prove that this bundle is a principal S 1 -bundle. With theses remarks we prove the following proposition:
Proposition 4.7. The most singular leaf of an A-foliation (M, F) of codimension 2 on a compact, simply-connected (n + 2)-manifold M is diffeomorphic to the standard torus.
